In this paper, a kind of Bernoulli-type operator is proposed by combining a univariate multiquadric quasi-interpolation operator with the generalized Taylor polynomial. With an assumption on the shape-preserving parameter c, the convergence rate of the new operator is derived, which indicates that it could produce the desired precision. Numerical comparisons show that this method offers a higher degree of accuracy. Moreover, the associated algorithm is easily implemented.
Introduction
The standard formula for interpolating a function f : [a, b] → R on scattered points and data {(x j , f j )} where ϕ(•) is an interpolation kernel. Many researchers use radial basis functions (RBFs) to solve the interpolation problem (1.2)-(1.3). In particular, the multiquadrics (MQs) introduced by Hardy [10] , 4) are of special interest, because of their spectral convergence property, see [5, 6] . Throughout the rest of this paper, we use the notations ϕ j (•) and c to denote the MQs and their shape-preserving parameter as in (1.4), respectively. A review by Franke [9] showed that the MQ interpolation is considered as one of the best methods among 29 scattered points interpolation schemes based on accuracy, stability, efficiency, memory requirement and easy implementation. Although the MQ interpolation is always solvable when the x j 's are distinct [11] , the associated coefficient matrix in (1.2) quickly becomes ill-conditioned as the number of points increases. There are different ways to overcome this problem.
In this paper, we will focus on the quasi-interpolation method. A weaker form of (1.3), known as quasi-interpolation, holds only for polynomials of degree m, 5) for all 0 j N , where m denotes the set of polynomials of degree m. Many researchers have investigated the MQ quasi-interpolation method, see [1, 2, 14, 15] for details.
Based on the idea in [7] , we combine the multiquadric quasi-interpolation operator L B proposed in [3] with the generalized Taylor polynomial proposed in [8] to get a Bernoulli-type quasi-interpolation operator. The new operator could reproduce polynomials of higher degree than the operator L B . We derive the convergence rate of the operator with a suitable assumption on the shapepreserving parameter c, and find that our operator could achieve a convergence rate of higher order by using a smaller parameter, which makes the associated quasi-interpolant less smooth. So we could use an optimal value of c according to the desired smoothness and precision of the quasi-interpolant.
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The remainder of this paper is organized as follows. In Section 2, we introduce some previous results about the generalized Taylor polynomial, which plays an important role in the construction of our operator. In Section 3, we propose the Bernoulli-type quasi-interpolation operator, and study its convergence rate. In Section 4, we give numerical experiments to show that the operator is capable of producing high accuracy. In Section 5, we give the conclusions and future work.
The generalized Taylor polynomial
The generalized Taylor polynomial is an expansion in Bernoulli polynomials B n (x), i.e., the polynomials defined by the following generating function
, this expansion is realized by the equation
where the polynomial approximation term
and the remainder term
has the following properties: 
where || • || ∞ denotes the sup-norm on [c, d] and
where C(m) is defined by (2.8).
The Bernoulli-type quasi-interpolation operator
The quasi-interpolation operator L B is defined as follows:
where
,
is the piecewise linear hat function having the knots {x i−1 , x i , x i+1 }, and satisfying B i (x i ) = 1. The operator L B reproduces polynomials of zero degree, i.e.,
By combining the operator L B with the mth generalized Taylor polynomial, we propose a kind of Bernoulli-type quasi-interpolation operator L B m as follows 
Proof. It is easy to show that
where h i = x i+1 − x i . Then, by (2.2) and (2.4) we get
Combining it with (3.5), we have (3.7). In order to study the convergence rates of the new operator, we introduce the following notations
where X = {x 0 , x 1 , • • • , x N } and #(•) denotes the cardinality function. Therefore, M is the maximum number of points from X contained in an interval I r (x).
For the convergence rate of the Bernoulli-type quasi-interpolation operator L B m , we have the following theorem. 
and K is a positive constant independent of x and X .
Proof. For each pair
We have
and It follows from the definition of M that
where Table 2 -Sphere.
Then we can get
Case 1: (m = 1). Table 3 -Cliff.
Case 2: (m > 1).
By using Theorem 2.2, we can prove the following theorem in an analogous manner. 
and K is a positive constant independent of x and X . 
Numerical experiments
We consider the following functions on the interval [0, 1] Table 4 -Gentle. 
3 ,
These functions were firstly proposed in [7] and result from adapting to the univariate case test functions generally used in the multivariate interpolation of large sets of scattered data [13] . We apply the approximating operators , see [7] for details.
We use uniform grids of 17 points for S B 1 , L B 1 , grids of 11 points for S B 2 , L B 2 , and L B , and finally grids of 8 points for S B 3 and L B 3 . In order to estimate the errors as accurate as possible, we compute the approximating functions at the points i 101 (i = 1, • • • , 100). Tables 1-6 display mean and max errors for different values of the parameters μ, l and m. In these examples, we find that c = r 2 is an optimal parameter for the fixed precision. The numerical results show that the approximating power of the Bernoulli-type operator with multiquadrics is much better than that of the Shepard-Bernoulli operator.
Conclusions
In this paper, a kind of Bernoulli-type quasi-interpolation operator is proposed by combining a univariate multiquadric quasi-interpolation operator with the generalized Taylor polynomial. A result on the convergence rate of the operator is given. Numerical experiments show that the operator is capable of producing high accuracy. Moreover, the associated algorithm is easily implemented.
In our future work, we plan to use the operator to fit scattered data. For instance, we are applying it to the fitting of discrete solutions of initial value problems of ODEs, and good results are obtained.
